Newton’s Method

Introduction

This paper will explain how to use Newton’s method which is one of the tools used in
engineering. The application of Newton’s method is wide range, many technical books do not
explain enough. The author thinks that there are roughly 2 scenes for the modeling and
according to the model, it is necessary to select one or the other. This paper explains them as

priority issues.

Newton’s Method for 1 Variable

Newton’s method for 1 variable is such as a method solving x with (1) .

f)=0 (D

In detail, the method is an iteration method by recurrence formula (2), starting from the

moderate initial value x(®.
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This seems to be Fig.1.
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Figl.1 Newton’s Method for 1 Variable

For the recurrence formula(2), This can be derived from tangent equation(3) at x @),
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Substitute y = 0,x = x**D to (3), it becomes (4).

_f(x(k)) — f'(x(k))(x(kﬂ) _ x(k)) (4)

Tranform (4), it becomes (2) definitely. Some technical books stay in above context. Actually,
only this context will be almost useless. Of course, there are scenes handling (1) directly as
the first scene. However, there are more useful scene, thar is, minimization (or maximization)
for residual sum of squares. As the minimization and maximization are equivalent by inverting
the sign, this paper describes “minimization” all together as below.

Now, the turn of second scene. First off, assume that function f is the derivative of some

function(5).

fG)=r"(x) (5

Then, (1) means the problem for solving an extreme value of function r. Besides, if r was a
quadratic function, the extreme value’s existence, moreover its uniqueness could become
certain. For the problem solving the coefficients of quadratic function y(6), generally,

least squares method will be used for the problem for solving the approximate curve. Here,
the residual sum of squares is defined as (7).

y=ax?’+bx+c (6)
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k : Number of measurement data

(7)’s % is generally a given coefficient for eliminating a coefficient after differential.

For coefficient a, differentiate (7), it becomes (8).

K
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Therefore, it becomes (9) as Newton’s method.
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For this example (6), and the other variable b,c are 3 variables. Then, it becomes the system
of equations within the same way, of (8). Although Newton’s method for multivariable will be

described later, the paper describes Newton’s method for 1 variable. If (6) was (10), Newton’s



method for 1 variable could be written as (12).

y=c (10)
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(12)’s solution definitely becomes an average(13).
L&
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The above example is the second scene.
Next, to explain Newton’s method for multivariable, let me add somewhat. For now, put (14) ,
a recurrence formula of Newton’s method becomes (15).
Ax = x*+D — x(0 (14)
f(x®)ax = —f(x®)  (15)

Therefore, to handle as the residual error, substitute (5) to (15), it becomes (16).
r”(x(k))Ax = —r’(x(k)) (16)

Newton’s method for multivariable is (16)’s format. This comes from that the numerical

calculation woks easily. See Fig.2, the second scene’s image.



r’s approximate cuve r

at x

=

""""""""" Extreme value

x® kD

Fig.2 Newton’s Method’s Image for Minimizing Residual Error

Fig.2 can be told by Taylor expansion. First off, put (17), apply Taylor expansion to
function r at x®, it becomes (18). This is equivalent to the approximate curve shown in
Fig.2.

Ax = x*+D — x(0 (17

1 1
r(x® + 4x) = r(x®) + 7' (x®) 4x + Er”(x(k))(zlx)z + Er”’(x(k))(dx)3 = (18)

If Ax — 0, the terms more than 3 order can be ignored. Then, differentiate by Ax, put (19)
to get the extreme value.

' (x®) + 77 (x®)ax =0 (19)

Transform (16), it will be recognized same as (16).

r(x®)ax = —r'(x®)  (16)

Up to now, the minimization for the residual error in the engineering is often shown, and is a
useful technique. Newton’s method will work well by binding this to Newton’s method. As
mentioned before, 2 order format has a certain existence of extreme value, and it is uniqueness.
These are very useful characteristics to handle. In addition, in the case of overviewing the tiny
range (domain range), any curve, whatever is, will be able to be absolutely approximated by a
quadratic function. Then, in the engineering, this feeling is important. As a result, this paper
says “Think the modeling to apply the tool.”

On the other hand, it is not necessary for Newton’s method that function(5) must be linear.



Handling non-linear function is possible, too. In addition, about the residual error, it is not
absolutely necessary to be 2 order format. To tell the another, on the stage of differential(8),
there are cases that the analytical solution can not be derived(non-differentiable function).
But this can be processed by numerical differential. Actually, it seems to be forced to depend

on the numerical differential for non-linear problems.

Newton’s Method for Multivariable

Handling only 1 variable for Newton’s method has poor worth to use. Here, this paper will
explain Newton’s method for 2 variables. By understanding Newton’s method for 2 variables,
it will reach to the recognition of Newton’s method for multivariable as it goes on. First of all,

before that, this paper explains total differential (tangent plane).

Total Differential (Tangent Plane)

Total differential is (20). In addition, generalized n dimentsion is (21).

of  of

df = gedx+3dy (20)
_of af af
df = a—x1dX1 + a—xzdxz + + den (21)

(20) is shown in Fig.3.
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Fig.3 Total Differential Image

In the figure, the red line’s parts show the tangent plane. At first, for the differential of total



differential(20), originally, 2 variables’ minute difference is expressed by (22). Then, the limit
Jdx? + dy? - 0 is total differential’s definition.

Af [+ Axy+4y) - f(xy)

= (22)
@7 + @y @07 T Gy)
Expand f like Taylor expansion for 1 variable, it becomes (23).
ftaxy +4y) = fOoy) + 5o dx+ 504y +
L w432y Ty
2 0x? za 2 X0y x4y
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Here, it is roughly categorized the terms in proportion to Ax and Ay, and high order terms
in proportion to (4x)?, (4y)?, AxAy, (4x)3, (Ay)3---. If Ax - 0,4y — 0, the high order

terms will converge rapidly than one order terms, and will be able to be ignored(24).

of of

flx+4x,y+4y) = f(x,y) +—Ax +@Ay (24)
Substitute this to (22), it becomes (25).
f af

= 25
V(@x)? + (4y)? \/(Ax)2+(ﬂy)2 @)

From the above, (20) has derived. (25) means that if only /dx2 + dy? has been moved from
any point, it will change only Af. This must be an expression of the plane itself. Actually,

tangent plane ‘s equation at the point(p, q) is (26), it will match total differential’s format.

) af (p,
f(pq)( o)+ f(pq)

z—f(p.q) = v-—a (26)



Newton’s Method for 2 Variables
Let me go ahead the discussion same as Newton’s method for 1 variable. At first, Newton’s

method for 2 variables is a method for solving x;, x, which implement (27) and (28).
filx,x) =0 (27)
fa(x, %) =0 (28)

At k times of the iteration, the tangent plane can be (29), (30) by applying to (26).

x) ()
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Like when 1 variable, put z =0, x; = xikﬂ) X, = xékﬂ), it becomes (31), (32).

>
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J21 (xikﬂ) (k)) +J22 (xékﬂ) xgk)) —f2 (xik)'xgk)) (32)

R (APAY) an (xi"),xé"))
Ju1 = a—xl' Jiz2 —

o, (%) of, (xi"),xé"))
J21 = a—xl' J2z =

Put (33), (34), (35), express by matrix, it becomes (36).

Axy =2 — x0(33)
(k+1) (k) (34)

o MO
k

= <k> (35)
VEWAx = —F1  (36)
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(36) matches (4), (15) as 1 variable. VF® means Jacobian matrix, this can be expanded to

the multivariable as it is.

Now, assume f as r’s first differential which means the minimization problem for residual



sum of squares(37), (38).

a ’

T(ngcle) = filxy,x2) =0 (37)
a ]
T ) =0 (39

Substitute this to (31), (32), it becomes (39), (40).

hyi; ( (k+1) xik))-kh ( (k+1) xék))

0
() (k)
ax1r(x1 , Xy ) (39)

hyy (x£k+1) (k))+h ( (k+1) _ gk))

d0%r (xik), xék)) .

0 (0 ®
a—xzr(xl , X5 ) (40)

0%r (xik), xgk))

h{{ = —,
11 P 12 %, 0%,
) i)
21 — axzaxl ) 22 axzz
This is expressed by matrix(41).
H®OAX = —pr®  (41)
xik)’ xgk)
x(k) x(k)
H®=rm mﬂ,FW o g
hyr Ry xf"), xg") xi"), )

(41) matches (16) as 1 variable. H® means Hessian matrix(42), this can be expanded to the

multivariable as it is.

d%r o%r o0%r
dx,>  0x,0x, 0x10x,
0%r d%r 0%r
H=10x,0x; 9x,> 0x,0x, | (42)
d%r o%r o0%r
| 0x,0x; 0x,0x, an

As mathematics, if the function was continuous, the differential sequence could be exchanged,
so Hessian matrix becomes symmetric matrix. For the numerical calculation, calculating only

one side of off-diagonals is OK.



Deriving (41) from r can be possible. Apply Taylor expansion to r as n variables, it
becomes (43)
r(xy + Axqy, x5 + Axy, -+, Xy + Axy)

y Z T gy dx + 43
, ‘ axiaxj Xi xj ( )
i=1 j=1

- oar 1
= r(xlleI Ixn) + z a_xiAxi + E
i=1
This is limited to second order terms. Discard 3 order or more like 1 variable, differentiate
partially by Ax;, extreme values can be given (44).

or ~o 9%r

r
— Ax; = ——
laxiax]- 1 axi

i=1,2,--,n: System of equations by n formulas
(44) shows each row of (41), it becomes clear thar they are equivalent.

Up to now, the author thinks the above content must be the general format, the practical and
the most useful application for Newton’s method. In addition, Gaussian elimination is general
for AX solution of (41). But in the case solving a huge matrix, the iteration method like
SDM (steepest descent method) or CGM (conjugate gradient method) will fit. But in the case
like the problem solving the coefficients of approximate formula, the variables are few and it
will never be the huge matrix such as hundreds, thousands, or more. In addition, using an
iteration method in the iteration method is not practical(for calculating cost and precision).

In such cases, it is better to consider the model to apply SDM or CGM directly.

Gradient Method for Multivariable
For the minimization problem like the residual sum of squares, this is a method which reaches

the solution by following the gradient such as Fig.2 (see Fig.4).
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Fig.4 Gradient Method’s Search

Now, there is a method to search roughly with multivariable by using 1 variable gradient
method[1]. Assume that Newton’s method(2) is assigned to 1 variable gradient method,

install a coefficient y(45).

+1 f x(k))
x(k ) = x(k) —m (45)

y>1

The idea of the coefficient is that following the gradient does not run over. This is expressed
as r(46).

1(+ ()
xk+D) — 5 () _ & (46)
yr (x®)

Expand to the multivariable as it is, it becomes (47).
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This method can sometimes search the gradient. (47) by the matrix expression is (48).
1
X+ = x (0 )—/D[H]‘lvr (48)

D[] : Operator which extracts the diagonal components

Transform (48), it becomes (49).
y(x%+D — x®) = —p[H]~1vr
yDIHIAX = —Vr (49)

(49) is a same format as Newton’s method for multivariable(41). It is explained that the
method ignores off-diagonal components, and follows the gradient by only diagonal
components. Generally, this method is not used, it is the preparation for LM method as the

following.



LM (Levenberg-Marquardt) Method

For the method without solving an inverse matrix, the stage when the energy is focused on
the diagonal components, that is “When all off-diagonal components becomes 0(zero), it
means a solution as it is .” The matrix like a upper triangular or a lower triangular follows this.
And there is the method which adjusts the convergence speed by adjusting the diagonal
components’ power for the iteration method. In addition, because the off-diagonal
components mean the correlations between the variables, to increase the power of diagonal
components means trying to search the gradient except their correlations. And the other is
right, too.

Now, LM method[1], what is, it is the combination method(50) by Newton’s method for
multivariable(41) and (49).

(H+yD[HDAX = —-Vr (50)

One more point, at (50), take care that y’s specified range has no limit. About y ‘s concern,
y which is directly the multiplier to the diagonal components may be good for programming.
Generally, By adjusting the diagonal components’ power, the convergence and its speed will

be able to be adjusted.

How to Specify Initial Value

There is not a definite pattern to specify the initial value. Basically, it depends on putting
the initial value how nearly to the solution. No matter how Newton’s method converges with
quadratic convergence, where the location far from the solution is(expressed in another way,
it can not be approximate curve by second order around the search point), stagnation makes
sense. According to the target, it is necessary to improve. In the other addition, it is important
to know the possible range(domain range) for the variable in advance. If the domain range
was known, it could be thought that by specifying the resolution according to the precision of
the solution’s goal, the limit can be applied to the search range. Moreover, in the case for
out of the domain range, it might be handled as search fail(program’s halt), or the application

which puts another initial value is possible, too.

Numerical Differential’s Step Size

Newton’s method needs the first and second differential. As of the modeling, although the
differentiable function is OK, many applications will use the numerical differential. If the case

of 1 variable’s function, the function r must be sampled, as shown in Fig.5. In Fig.5, it shows



sampling points for 1 variable differential.
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Fig.5 Differential Sampling Points(1Variable)

The first differential, second differential becomes (51), (52) respectively, the direction y is

same, t0o.
g _ 7(xpe1) =7 (xp-1)
ar(xp) = i (51)
, , r(xps2) = 7(x5) (%) = (xp2)
a_zr(x )zr(xp+1)—r(xp_1)= 7 Y TR 52)
ox2 VP 24x 24x

Next, for the second differential for 2 variables, to differentiate the direction x first is Fig.6.
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Fig.6 Second Differential(2 Values)

2 values’ formula is (53).

P T(xp+1'3’p+1) - T(xp—lrypﬂ) _ T(xp+1'3’p—1) - T(xp—l'yp—l)
v v _ 24x 24x
5y o5 (o) o (53)

As above, this is the most intelligent way to take the points for the numerical differential. On
the other hand, there is a way called upwind difference shown in the simulation such as CIP
method, but this paper will omit. The case which differentiates the direction y, the sampling
points will be changed. If Hessian matrix was handled as symmetric matrix, one side of off-
diagonal components are enough, but, both sides can be calculated. Although the author’s
understanding, it seems that they have a goodness respectively.

* In the case as symmetric matrix, the iteration method will converge more easily.
In addition, the calculation cost will be reduced.

* In the case as off-diagonal, the gradient can be evaluated strictly. Especially, the
correlation between variables can be reflected strictly. However, in the case that
there is too large difference between off-diagonal components, it seems not to be
a good condition problem, originally. Because this has a relation to the

convergence, originally the method sometimes does not work well.



Now, the problem is “How to specify the amount of the numerical differential’s step size?”
Originally, differential means the gradient by the limit for the tiny difference, —0(zero).
Therefore, the value is desired as small as possible. As it is, however, it does not become
“Machine epsilon which expresses the minimum value in the computer may be good. The
machine epsilon may not be able to cause a significant amount of change. On the other, the
precision loss at the numerical calculation becomes a problem. For the numerical differential’s
sampling by the previous description. There is a guideline as below.

* It is good to identify the place around 1/3 of calculation digits{2}

Calculation digits means significant digits. IEEE754 double precision’s mantissa has 52bit, so,
the significant digits in decimal is about 15 digits(54).
52 xlog2 = 15.65 (54)

Of course, the calculation will be executed more than this digits by FPU buit-in CPU, they
have a question for the evaluation base on the calculation error although, apply 1/3 according

to the guideline, the numerical differential’s step size becomes 5 digits(55).

1
157x355 (55)

For example, the residual sum of squares r is supposed to be calculated based on the
measurement data’s intensity as below(56).

r~500=5x102 (56)

Then, it becomes (57) as the numerical differential’s step size.

A=5x%x102"°>=5x10"% (57)

According to the author’s experience, this is only a rough indication. Actually, there are
various behaviors, the problems as below has been faced.

(D Is same step size OK between the first differential and the second differential?

(2 While processing to repeat the iteration, in the case that r ‘s intensity will
change, should the step size be constant?

(3 About the multivariable, how to handle the difference between variables for
there domain? Actually, the iteration method may diverge because of the
intensity difference between the variables.

@ As the step size is bigger, it sometimes converges without problems. In

addition, sometime converges rapidly, too.



For the leading), the first and second differential should be evaluated by same difference.
More than, it is a paradox, aren’t there any reasons to do it? At (3), a detail example(refer to
“Newton’s Method Example”) given is, the curve fitting for the function s(58)(see Fig.7).
s(x) = ax?e™* (58)

v

Fig.7 Approximate Function

Here, treat r as the minimization problem of the residual sum of squares(59).

k
r@h) =5 > (sCe) =5, (59)

k: Measurement data’s number

Because r is differentiable, calculating formula will be derived by getting the first
differential, second differential. Be pardoned as the example to explain, here. However the
theoretical formula is differentiable, if the function is complicated, it is convenient to use the
formulated numerical differential, and it leads to the avoidance for program’s bugs

For (58), as compared to a, it is clear from the formula(57) that exponent b impacts r by
a tiny difference. In this case, it is often the case that the solution oscillates between the
variables, and the convergence will be impossible. This comes from the fact that the one
side’s variable change will cause the another’s huge variable change. As a result, the author
always adjusts each variable individually. In addition, for the above example, to evaluate the
residual error taken by the logarithm is possible. In detail, change s to (60), it becomes
(61).

s(x) =loga+ 2logx —bx (60)


../../workshop_contents/newton's_method_example_en.html

k
reh) =3 ) ()~ g (61
n=1

c =loga

After getting the solution of ¢, a can be derived. If this is so, the change caused by the step
size can be improved. However, the method which takes the logarithm has a demerit. In the
case for the measurement data with low SN, the signal component’s weight becomes small,
in the other hand noise’s weight becomes bigger. As a result, the fitting’s precision itself will
become poor. As the way about this is not nothing, this is the point that the numerical
calculation does not go easily. About (@), if the target has a fine characteristic(The
approximate precision by 2 order curve is good — see Fig.2), it is sometimes no problem
that the step size is so big. However, be careful about the less improvement for the solution’s
precision(significant digits) itself around the solution’s neighborhood.

As above, it is only one case, including (2), the author by oneself does not have on hand to

any case solution. As a result, to do trial and error, and to improve will be necessary.
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